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Abstract-A hybrid Laplace transform/weighting function scheme is developed for solving time- 
dependent multidimensional conservation equations. The new method removes the time derivatives 
from the governing differential equations using the Laplace transform and solves the associated equa- 
tion with the weighting function scheme. The similarity transform method is used to treat the 
complex coefficient system of the equations, which allows the simplest form of complex number func- 
tions to be obtained, and then to use the partial fractions method or a numerical method to invert 
the Laplace transform and transform the functions to the physical plane. Three different examples 
have been analyzed by the present method. The present method solutions are compared in tables 
with the exact solutions and those obtained by the other numerical methods. It is found that the 
present method is a reliable and efficient numerical tool. 
NOMENCLATURE 
a 
PI 
b 
PI 
C 
tr1 
If’) 
FZ 
Fu 
FZ 
PI 
WI 
PI 
PI 
s 
SP 
.% 
t 
Parameter for the variation of r in 
the x-coordinate 
A banded matrix 
Parameter for the variation of r in 
the y-coordinate 
A diagonal matrix 
Specific heat 
Global force vector 
Global force vector, = [PI-l {f} 
Mass flow rate in the x-direction 
Mass flow rate in the y-direction 
Mass flow rate in the z-direction 
A banded matrix = [A][R] 
Global matrix 
Eigenvector matrix of [G] 
Inverse matrix of [C] 
A complex number = v + iw 
Coefficient in the source term 
Coefficient in the source term 
Time 
Wf (2) Weighting function = Z/(1 - emZ) 
X,Y,Z Physical coordinates 
Z Parameter of the weighting 
function 
Z&i = (+ g - +) i+1,2 Axi 
5,j = 
1ar 3 
r=- r > AVj j+lP 
Z z,k = (f $$ - +)k+l,2A~li 
Greek letters 
r Thermal conductivity 
A Finite difference quantity 
e Temperature 
e The Laplace transform of 
temperature 
P Density 
x Eigenvalue of [G] 
14 Diagonal matrix of eigenvalues 
Superscript 
- 
-1 
The Laplace transform 
Inverse matrix 
tip-t by 4&W 
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Subscript 
i Node number 
j Node number 
k Node number 
2 In the z-direction 
Y In the y-direction 
z In the z-direction 
INTRODUCTION 
The present method combines the Laplace transform and the weighting function scheme. The 
Laplace transform is well-known as a powerful tool in the analysis of linear problems. In partic- 
ular, it is widely used in the calculation of transient responses associated with linear mechanical 
and electrical system. The weighting function scheme has been shown great success in solving 
physical problems without a conservative form such as the wave instability problems [l-5] and 
the non-similarity boundary layer flow equations [6,7]. Futhermore, when applied to conservation 
equation, the weighting function scheme is seen to become Patankar’s exponential scheme [8,9] 
for uniform thermal conductivity cases. For case of variable thermal conductivity, however, 
the weighting function scheme has a performance superior to that of Patankar’s exponential 
scheme [lo]. 
In most numerical methods, such as the finite difference, finite element, boundary element 
method (11-211, and weighting function scheme, the transient problem is discretized by using a 
set of n nodal points and arriving at a system of n simultaneous first-order ordinary differential 
equations to be solved for the temperature time history at each of the n nodal point. The solution 
is then typically approximated using the Euler or the Crank-Nicolson technique for moving ahead 
step-by-step in time. The major drawback of this approach is that it is often necessary to take 
very small time steps to avoid numerically-induced oscillations [22-241 in the solution. Further, 
the complete internal temperature distribution must be computed at each time step even though 
one might only desire a single temperature or a heat flow at one surface as an output. Thus, for 
a long time solution, the severe limitation on the time step may require an excessive amount of 
computer time. 
The purpose of the present investigation is to propose a new method which is based on combin- 
ing the Laplace transform and weighting function scheme. The new method is seen to successfully 
remove the constraint of previous methods with time step computation in the time domain. In 
addition, it also has the advantage of weighting function scheme. Therefore, when applied to 
transient multidimensional energy (or momentum) conservation equations, the present method 
does not pose any constraint such as conservation of mass flow required in the use of Patankar’s 
exponential scheme. The performance of the present method will be compared with those of the 
weighting function scheme and Patankar’s exponential scheme through a few general examples 
with an emphasis on arbitrarily strong variation in the thermal conductivity. It is found from 
these examples that the present method is a reliable and efficient method. 
ANALYSIS 
For the unsteady three-dimensional conservative equation 
where c is the specific heat; p is the density; S, and S, are the coefficients in the source term; 
0(x, y, Z, t) is the temperature; I’ is the thermal conductivity; Fz, Fv and F, are the mass flow in 
the x, y, and t directions, respectively. 
In order to remove the time derivatives from the governing and boundary conditions, the 
method of the Laplace transform will be utilited. The Laplace transform of a real function 
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f : R + W with f(t) = 0 for t < 0 and its inversion formulas are defined as 
F(s) = L[f(t)] = SW ewst f(t) dt, 
0 
(2) 
f(t) = I;-‘[F(s)] = $ est F(s) ds, (3) 
v ZM 
with s = v + iur, v, w E R. v E R is arbitrary, but greater than the real parts of all the 
singularities of F(s) . 
After taking the Laplace transform with respect to time, equation (1) becomes 
The equation (4) is valid only when the coefficients r, F,, Fg, F,, p, c, S,, and SC are all inde- 
pendent of time. Therefore, for the nonlinear term it must be taken the linearization procedure 
such as Newton’s iteration method or perturbation technique for linearizing and the equation can 
be solved by the present method. 
The discretization equation based on the weighting function scheme, equation (4) is given by 
where 
aw = Wf 
--&i-1 
Axci_l a5i’ 
aE = wf 
zz,i 
Axi G’ 
as = Wf 
-&,j-1 
AY,_~ ayj’ 
aB = wf 
-&k-l 
A.&-l G’ 
Z 
aT=Wf ‘,k, 
lb& Ark 
ap=-aw-aE-as_aN-aB- 
PC 4 = 7 i , j ,k ’ ( > 
aR = 
(SC/S - PCeO)i,j,k 
ri,j,k ’ 
zz,i= (;&+)i+l,zA.i. 
%j= (+gm+)j+l,, AYjl 
zz,k= (f$-~),,,,,A~k, 
SP 
aT- -F ij,k’ ( >. 
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and 
G = Axi- + Axi G+1 - xi-1 
z = 
2 2 ’ 
- Ayj = &/j-i + AYj _ yj+i - l/j-i 
2 - 2 ’ 
z = b-1 + AZ, = zk+l - zk-1 
k 
2 2 * 
The final result can be expressed as the following vector matrix equation 
[KI{@ = WY (6) 
where [K] is an (n x n) band matrix with complex number, {e) is an (n x 1) vector representing 
the unknown temperature functions of the Laplace transform, and {f} is an (n x 1) vector 
representing the forcing terms. 
In the transformed equation (6), the coefficient matrix [K] has the form 
]Kl= [Al+sPl, 
where s is a complex number. Substituting equation (7) into equation (6), gives 
WI + s PI> @I= IfI, 
(7) 
(8) 
Because [C] is a diagonal matrix, it is always possible to reduce the two matrices simultaneously 
to the cannonical forms, by a nonsingular real transform. For this purpose, let 
@I] = [RI (8% (9) 
where [R] is the inverse matrix of [C] and also is a diagonal matrix. Substituting equation (9) 
into equation (8) gives 
WI + s 111) @‘I = VI, (10) 
where [I] is the unit matrix and [G] = [A] [RI. 
There exists an eigenvectors matrix [P] that has the property 
Pl-1 PI PI = 14. (11) 
Where the [PI-’ is the inverse matrix of [P] and [A] is the diagonal matrix of eigenvalues. 
Next, let equation (10) be multiplied by [PI-l and the definition 
(8’) = [P] @“}. (12) 
After rearrangement, equation (10) becomes 
(PI) + s VI) P”) = PI-’ IfI = U’h (13) 
From the equation (13), it follows that 
C’(s) = A, (i=1,2 )..., n). 
t 
Therefore, the inverse Laplace transform of g!(s) can be obtained by the partial fractions 
method [25] or the numerical method [26]. Finally, the temperature {e(t)} can be obtained 
by 
(01 = [RI PI @“I. (15) 
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NUMERICAL EXAMPLES 
EXAMPLE 1. One-dimensional heat conduction with I’ = eax. 
The governing equation for one-dimensional heat conduction with a thermal conductivity of 
I? = eax can be written as 
d ..de de 
da: e dz =dt ( ) for 0 < x < 1, t > 0, (16) 
and subject to the following boundary and initial conditions. 
e(o,t) = 1, at x = 0, t > 0, (I7a) 
e(i,t) = 0, atx=l, t>O, (I7b) 
ecx, 0) = 0, for 0 2 x < 1, t = 0. (i7c) 
Table 1 lists the present solutions with Ax = 0.1 for the problem a = 20 at t = 0.001, 0.002, 
0.004,0.008, and 0.1. The computation took about 20 seconds on a IBM PC 386-20. Prom Table 1, 
one sees that the present results always provides the exact solution. This is because the Laplace 
transform and the weighting function scheme approximation made for the present method just 
becomes exact if the parameter a in equation (16) is a constant. Tables 2 and 3 list the steady 
state solutions of this problem solved by the present method, the weighing function scheme, 
the weighing function scheme with power-law approximation, the central difference scheme, the 
Box method and a fourth-order Runge-Kutta method with Ax = 0.1 for a = 20 and a = 50, 
respectively. A comparison of the present solutions with the weighting function scheme and 
other numerical methods list in Tables 2 and 3. It is shown that the present method results are 
identical to those given by the weighting function scheme and have a performance superior to 
those obtained by the other numerical methods. 
Table 1. The present solutions with Ax = 0.1 for the problem a = 20 at t = 0.001, 
0.002, 0.004, 0.008, and 0.1. 
x t = 0.001 
0.0 1.0000 
0.1 0.1325 
0.2 0.0163 
0.3 0.0015 
0.4 0.0000 
0.5 0.0000 
0.6 0.0000 
0.7 0.0000 
0.8 0.0000 
0.9 0.0000 
1.0 0.0000 
t = 0.002 
1.0000 
0.1340 
0.0174 
0.0020 
0.0001 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
t = 0.004 t = 0.008 t = 0.1 
1.0000 1.0000 1.0000 
0.1350 0.1353 0.1353 
0.0181 0.0183 0.0183 
0.0024 0.0025 0.0025 
0.0003 0.0003 0.0003 
0.0000 0.0000 0.0000 
0.0000 0.0000 0.0000 
0.0000 0.0000 0.0000 
0.0000 0.0000 0.0000 
0.0000 0.0000 0.0000 
0.0000 0.0000 0.0000 
EXAMPLE 2. One-dimensional heat conduction with P = (1 + x2)a. 
Consider the one-dimensional heat conduction problem 
- at [(l+r2)ng] =g, forO<x<l, t>O, 
and subject to the following boundary and initial conditions. 
e(o,t) = 1, (194 
e(i,t) = 0, (lgb) 
ecz,o) = 0. WC) 
(18) 
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Table 2. The steady state solutions of this problem solved by the present method, the 
weighting function scheme, and other numerical methods with Ax = 0.1 for a = 20. 
X 
Present 
method 
at t=O.l 
Weighting 
function 
scheme 
Weighting 
function 
power-law 
Central 
difference 
scheme 
BOX 
method 
Runge 
Kutta 
method 
0.0 1 .oooo 1.0000 1.0000 1.0000 1.0000 1.0000 
0.1 0.1353 0.1353 0.1408 0.0000 0.0000 0.3333 
0.2 0.0183 0.0183 0.0198 0.0000 0.0000 0.1111 
0.3 0.0025 0.0025 0.0028 0.0000 0.0000 0.0370 
0.4 0.0003 0.0003 0.0004 0.0000 0.0000 0.0123 
0.5 0.0000 0.0000 0.0001 0.0000 0.0000 0.0041 
0.6 0.0000 0.0000 0.0000 0.0000 0.0000 0.0014 
0.7 0.0000 0.0000 0.0000 0.0000 0.0000 0.0005 
0.8 0.0000 0.0000 0.0000 0.0000 0.0000 0.0002 
0.9 0.0000 0.0000 0.0000 0.0000 0.0000 0.0001 
1.0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
Table 3. The steady state solutions of this problem solved by the present method, the 
weighting function scheme, and other numerical methods with Ax = 0.1 for a = 50. 
X 
Present 
method 
at t = 0.1 
Weighting 
function 
scheme 
Weighting 
function 
power-law 
Central 
scheme 
Box 
method 
Runge 
Kutta 
method 
0.0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 
0.1 0.0067 0.0067 0.0062 -0.4289 -0.4298 0.0137 
0.2 0.0000 0.0000 0.0000 0.1835 0.1835 0.0019 
0.3 0.0000 0.0000 0.0000 -0.0789 -0.0789 0.0003 
0.4 0.0000 0.0000 0.0000 0.0335 0.0335 0.0000 
0.5 0.0000 0.0000 0.0000 -0.0147 -0.0147 0.0000 
0.6 0.0000 0.0000 0.0000 0.0060 0.0060 0.0000 
0.7 0.0000 0.0000 0.0000 -0.0029 -0.0029 0.0000 
0.8 0.0000 0.0000 0.0000 0.0009 0.0009 0.0000 
0.9 0.0000 0.0000 0.0000 -0.0007 -0.0007 0.0000 
1.0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
which has a thermal conductivity of the form I? = (1 + z 2 ) a. A strong variation in I? thus can 
be obtained by assigning a large value to a. Table 4 lists the present solutions with Ax = 0.1 
for the problem a = 100 at t = 0.002, 0.004, 0.006, 0.008, and 0.1. Table 5 lists the steady state 
solutions of this problem solved by the present method, exact solution, the weighting function 
scheme, the central difference scheme and the harmonic mean scheme with Ax = 0.1 for a = 100. 
From Table 5, it is seen that the present method solutions are identical to those given by the 
weighting function scheme and are in agreement with the exact steady state solutions even when 
I7 has a very strong variation at a = 100. 
EXAMPLE 3. Two-dimensional heat conduction with I? = (1 + x~)~ (1 + y2)b. 
For the third example, two-dimensional heat conduction problem with I’ = (1 + x2)4 (1 + y2)b 
to be solved is one governed by the following boundary and initial conditions. 
2 [(1+ x2y (1+ y2)b E] + 5 [(1+ x2)a (1+ y2)b E] = ;7 
(20) 
for 0 < 5 < 1, 0 < y < 1, t > 0, 
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Table 4. A list of the present solutions with ax = 0.1 for the problem a = 100 at 
t = 0.002, 0.004, 0.006, 0.008, and 0.1. 
X 
0.0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 
t = 0.002 
1.0000 
0.1397 
0.0030 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
t = 0.004 
1.0000 
0.1591 
0.0051 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
t = 0.006 t = 0.008 t = 0.1 
1.0000 1.0000 1 .oooo 
0.1623 0.1628 0.1629 
0.0054 0.0055 0.0055 
0.0000 0.0000 0.0000 
0.0000 0.0000 0.0000 
0.0000 0.0000 0.0000 
0.0000 0.0000 0.0000 
0.0000 0.0000 0.0000 
0.0000 0.0000 0.0000 
0.0000 0.0000 0.0000 
0.0000 0.0000 0.0000 
Table 5. The steady state solutions of this problem solved by the present method, 
the exact solutions, the weighting function scheme, and other numerical methods 
with ax = 0.1 for a = 100. 
- 
X 
- 
0.0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 
- 
Present 
method 
at t = 0.1 
Exact 
solution 
Weighting Central Harmonic 
function difference mean 
scheme scheme scheme 
1.0000 1.0000 1 .oooo 1.0000 1.0000 
0.1629 0.1599 0.1629 0.1537 0.2302 
0.0055 0.0053 0.0055 -0.0183 0.0113 
0.0000 0.0000 0.0000 0.0056 0.0001 
0.0000 0.0000 0.0006 -0.0022 0.0000 
0.0000 0.0000 0.0000 0.0013 0.0000 
0.0000 0.0000 0.0000 -0.0006 0.0000 
0.0000 0.0000 0.0000 0.0005 0.0000 
0.0000 0.0000 0.0000 -0.0001 0.0000 
0.0000 0.0000 0.0000 0.0003 0.0000 
0.0000 0.0000 0.0000 0.0000 0.0000 
WA Y, t) = cos(r Y/2), e( 
8(x,O,t) = (x,l,t) = 0, 
e(x, y, 0) = 0. 
‘,Y,Q = 0, 
31 
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Tables 6, 7 and 8 list the present results for a = b = 20 with Ax = Ay = 0.1 at t = 0.02, 0.04 
and 0.08, respectively. For the two-dimensional problem, the computation took about 25 minutes 
on a IBM PC 386-20. Tables 9, 10, and 11 list the steady state solutions solved by the present 
method with Ax = Ay = 0.1 at t = 1.0 for a = b = 20, a = b = 50 and a = b = 100, respectively. 
The “exact” steady state solutions of the a = b = 100 case for e(O.l,O.l), 8(0.1,0.2), and 
0(0.1,0.3) were obtained by reducing the step size until four-place accuracy was achieved [lo]. 
The “exact” steady state solutions are, respectively, 0.1345, 0.1255 and 0.1027 based on the 
weighting function scheme and 0.1368, 0.1319 and 0.1113 based on the harmonic mean scheme. 
From Table 11, it is seen that the present results are in agreement with the “exact” steady state 
solutions obtained by S. L. Lee. 
32 TZER-MING CHEN 
Table 6. The present results for a = b = 20 with Ax = Ay = 0.1 at t = 0.02. 
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.988 0.356 0.105 0.023 0.003 0.000 0.000 0.000 0.000 0.000 
0.951 0.426 0.140 0.033 0.005 0.000 0.000 0.000 0.000 0.000 
0.891 0.404 0.134 0.032 0.006 0.001 0.000 0.000 0.000 0.000 
0.809 0.352 0.114 0.027 0.005 0.001 0.000 0.000 0.000 0.000 
0.707 0.289 0.088 0.020 0.004 0.000 0.000 0.000 0.000 0.000 
0.588 0.222 0.063 0.014 0.002 0.000 0.000 0.000 0.000 0.000 
0.454 0.155 0.040 0.008 0.001 0.000 0.000 0.000 0.000 0.000 
0.309 0.091 0.021 0.004 0.000 0.000 0.000 0.000 0.000 0.000 
0.156 0.037 0.007 0.001 0.000 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
Table 7. The present results for a = b = 20 with Ax = Ay = 0.1 at t = 0.04. 
0.000 0.000 
0.988 0.363 
0.951 0.434 
0.891 0.409 
0.809 0.354 
0.707 0.290 
0.588 0.222 
0.454 0.155 
0.309 0.091 
0.156 0.037 
0.000 0.000 
- - - - 
0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.112 0.028 0.006 0.001 0.000 0.000 0.000 
0.149 0.039 0.008 0.001 0.000 0.000 0.000 
0.140 0.036 0.007 0.001 0.000 0.000 0.000 
0.116 0.029 0.006 0.001 0.000 0.000 0.000 
0.089 0.021 0.004 0.001 0.000 0.000 0.000 
0.063 0.014 0.002 0.000 0.000 0.000 0.000 
0.040 0.008 0.001 0.000 0.000 0.000 0.000 
0.021 0.004 0.001 0.000 0.000 0.000 0.000 
0.007 0.001 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 0.000 0.000 0.000 
---- 
Table 8. The present results for a = b = 20 with Ax = Ay = 0.1 at t = 0.08. 
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.988 0.363 0.113 0.028 0.006 0.001 0.000 0.000 0.000 0.000 
0.951 0.434 0.149 0.039 0.008 0.001 0.000 0.000 0.000 0.000 
0.891 0.409 0.140 0.036 0.007 0.001 0.000 0.000 0.000 0.000 
0.809 0.354 0.116 0.029 0.006 0.001 0.000 0.000 0.000 0.000 
0.707 0.290 0.089 0.021 0.004 0.001 0.000 0.000 0.000 0.000 
0.588 0.222 0.063 0.014 0.002 0.000 0.000 0.000 0.000 0.000 
0.454 0.155 0.040 0.008 0.001 0.000 0.000 0.000 0.000 0.000 
0.309 0.091 0.021 0.004 0.001 0.000 0.000 0.000 0.000 0.000 
0.156 0.037 0.007 0.001 0.000 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
CONCLUSIONS 
The present method overcomes the drawback of the time step problem encountered in transient 
problems and remains the advantage of the weighting function scheme, which has a performance 
superior to that of Patankar’s exponential scheme for the cases of variable thermal conductivity. 
There exists no time step, thus the present method can determine the temperature distribution 
at a specific time. This treatment is different from that of previous works which must compute 
all the nodal temperatures at each time step until the specific time is reached. It is obvious that 
the present method is better when the long-time solution is required. To illustrate the accuracy 
and efficiency of the present method, three different examples have been analyzed. It is found 
from these examples that the present method are in agreement with the exact solutions or other 
numerical methods. 
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Table 9. The present steady results for a = b = 20 with Ax = A9 = 0.1 at t = 1.0. 
--- 
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.363 0.113 0.028 0.006 0.001 0.000 0.000 0.000 0.000 
0.434 0.149 0.039 0.008 0.001 0.000 0.000 0.000 0.000 
0.409 0.140 0.036 0.007 0.001 0.000 0.000 0.000 0.000 
0.354 0.116 0.029 0.006 0.001 0.000 0.000 0.000 0.000 
0.290 0.089 0.021 0.004 0.001 0.000 0.000 0.000 0.000 
0.222 0.063 0.014 0.002 0.000 0.000 0.000 0.000 0.000 
0.155 0.040 0.008 0.001 0.009 0.000 0.000 0.000 0.000 
0.091 0.021 0.004 0.001 0.000 0.000 0.000 0.000 0.000 
0.037 0.007 0.001 0.000 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
--- 
Table 10. The present steady results for a = b = 50 with Ax = Ay = 0.1 at t = 1.0. 
0.000 
0.988 
0.951 
0.891 
0.809 
0.707 
0.588 
0.454 
0.309 
0.156 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.988 0.247 0.032 0.002 0.000 0.000 0.000 0.000 0.000 0.000 
0.951 0.265 0.035 0.002 0.000 0.000 0.000 0.000 0.000 0.000 
0.891 0.232 0.028 0.002 0.000 0.000 0.000 0.000 0.000 0.000 
0.809 0.193 0.022 0.001 0.000 0.000 0.000 0.000 0.000 0.000 
0.707 0.153 0.016 0.001 0.000 0.000 0.000 0.000 0.000 O.CQO 
0.588 0.113 0.010 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.454 0.076 0.006 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.309 0.042 0.003 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.156 0.016 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
Table 11. The present steady results for a = b = 100 with Ax = Ay = 0.1 at t = 1.0. 
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.988 0.134 0.004 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.951 0.128 0.003 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.891 0.110 0.003 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.809 0.089 0.002 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.707 0.070 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.588 0.051 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.454 0.033 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.309 0.018 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.156 0.007 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
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